We investigate nuclear matter equations of state in neutron star with kaon condensation. It is generally known that the existence of kaons in neutron star makes the equation of state soft so that the maximum mass of neutron star is not likely to be greater than 2.0 M ⊙ , the maximum mass constrained by current observations. With existing Skyrme force model parameters, we calculate nuclear equations of state and check the possibility of kaon condensation in the core of neutron stars. The results show that even with the kaon condensation, the nuclear equation of state satisfies both the maximum mass and the allowed ranges of mass and radius.
I. INTRODUCTION
Theory of nuclear matter has been tested using the properties of the observed nuclei whose number amounts to approximately 3,000 to date. The Skyrme-Hartree-Fock (SHF) models have been widely used to describe the general properties of nuclear medium and heavy nuclei in the non-relativistic limit. However, depending on the selection of the data and the methods to fit the model parameters, there are now more than 100 SHF models, and new models are still in birth due to the continuous update of the data. Although most of the SHF models even with different model parameters can explain the properties of numerous known nuclei consistently, predictions on the properties of the infinite nuclear matter strongly depend on the models, especially at high densities far above the nuclear saturation density ρ 0 (∼ 0.16 fm −3 ) [1] . As a result, the maximum mass of stable neutron stars calculated with known SHF models ranges from 1.4M ⊙ to 2.5M ⊙ where M ⊙ is the solar mass [2] .
At the core of neutron stars, there can be significant contributions from the exotic states, such as strangeness condensates, meson condensates, strange quark matter, etc., which are quite uncertain. The effect of strange particles, such as hyperons, on the nuclear matter equation of state (EoS) has been studied within the SHF models [3, 4] . In these works the existence of hyperons softens the nuclear matter EoS substantially and as a consequence the maximum mass of the neutron star decreases. Similar conclusion for the effect of hyperons has been drawn from the calculations done with the relativistic mean field models (for example, see [5] ).
Recently 2M ⊙ neutron stars in neutron star-white dwarf binaries were observed in pulsars PSR J1614−2230 [6] and PSR J0348+0432 [7] . This implies that any realistic EoS for the stable neutron star should be able to explain masses equal to or more than these values.
With this criterion, SHF models predicting maximum masses to be less than 2M ⊙ can be excluded from the candidates for the realistic models of high-density nuclear matter.
In this work, we revisit the kaon condensation and investigate its effect on the EoS of neutron star matter. In general, the EoS is very sensitive to the interactions of kaons in nuclear medium [8] . Since general SHF models do not include inherent kaon interactions in them, we need to import kaon interactions from other theories or models. In this work, we consider the SU(3) non-linear chiral effective model with kaons. We investigate how the parameters in SHF and kaon interaction model affect the mass and radius of neutron stars, and constrain the parameter space by comparing our results with observed neutron star masses, (1.97 ± 0.04)M ⊙ of PSR J1614−2230 and (2.01 ± 0.04)M ⊙ of PSR J0348+0432.
This paper is organized as follows. In Sect. II, we describe the SHF models that we choose and the SU(3) non-linear chiral model for the interactions of kaons. In the same section, we derive basic equations from which the EoS within neutron stars is calculated. In Sect. III, we present our results on EoS, particle fractions, and mass-radius relations of neutron stars.
Our conclusion and discussion are given in Sect. IV.
II. MODELS
A. SHF models
The general Skyrme force model is used to generate energy density functional (EDF), in which the effective two body force between nucleons is introduced. Because EDFs have been quite successful in explaining the properties of finite heavy nuclei, they have been also applied to the infinite dense system such as the interior of neutron stars. In the Skyrme type potential model, the effective interaction is given by
where r = (r i + r j )/2, p ij = −i (∇ i − ∇ j )/2, P σ is the spin-exchange operator, and
Using the Skyrme force model, the Hamiltonian density of nuclei can be written as [9] 
The bulk Hamiltonian density is given by
The gradient Hamiltonian density takes the form of
with
The Coulomb energy density is given by
and H J comes from the spin-orbit interaction and is given by
where J n(p) = i ψ † i,n(p) σ×∇ψ i,n is the neutron (proton) spin-orbit density, and J = J n +J p . In general, ten independent parameters (x i=0,1,2,3 , t i=0,1,2,3 , ǫ, W 0 ) in Hamiltonian density are fixed by the properties of finite nuclei [10] . With the ten parameters fixed, we calculate the nuclear matter properties of the infinite nuclear matter (such as neutron stars) which determine the maximum mass of neutron stars. In this work, we employ four SHF models all of which predict the maximum mass of neutron stars larger than 2M ⊙ while each model shows distinct characteristics for the symmetric nuclear matter properties and the stiffness of the EoS. Table I summarizes nuclear matter properties and the maximum mass of neutron stars obtained from the four SHF models. For the four models that we select, the basic saturation 
B. Kaon interactions
Several models describe the interaction of kaon in nuclear medium. As for two examples, kaonic optical potential treats kaon interaction phenomenologically and the meson-exchange model mediates the interaction of the kaon with the background nuclear matter [11] . In this work, we employ a SU(3) non-linear chiral model which was first proposed by Kaplan and Nelson [12] . The effective chiral Lagrangian density is given as
where f π is the pion decay constant (≃ 93 MeV). Chiral fields U and ξ are defined by
and the mesonic vector and axial currents read
The meson and baryon octet fields M and B are defined as
and m q is the quark mass matrix given in Ref. [13] , where
In principle, the value of a 3 can be fixed by using the strangeness content of the proton ss p or the kaon-nucleon sigma term Σ KN ;
However, due to the uncertainties in these quantities, we choose four different values of a 3 m s , −134, −178, −222 and −310 MeV, which correspond to the strangeness content ss q = 0, 0.05, 0.1 and 0.2, respectively.
The amount of kaon condensation can be determined from local flavor changing β-equilibrium, e.g., n ↔ p + K − . This chemical equilibrium implies µ n = µ p + µ K − , where µ i denotes the chemical potential of particle 'i'. For the simplicity, we use
Other equilibrium conditions will be discussed in the next subsection. With the s-wave interactions only, the kaon condensate can be characterized by the expectation value
where the amplitude v K determines the magnitude of the condensate. Since the kaon field appears non-linear in Eq. (9), it is convenient to introduce a new parameter θ by
Expanding Eq. (8) in terms of meson and baryon fields and retaining the terms relevant to kaons and nucleons, we obtain the Lagrangian for the kaon and kaon-nucleon interactions as
Taking µ K as a Lagrangian multiplier to account for the charge neutrality condition of the neutron star matter, Hamiltonian density is derived from the kaon Lagrangian which is given by Eq. (20) . We obtain the Hamiltonian density for the kaon as
where a K1 = 2a 1 m s and a K2 = (2a 2 + 4a 3 )m s .
In addition to the hadron parts discussed so far, leptonic terms should be added for the complete description of EoS. We consider both electrons and muons in this work, and their Hamiltonian densities are given as
where ρ e = µ 3 e /3π 2 , H is the Heaviside step function,
, and x µ = k µ /m µ with the Fermi momentum of muon k µ . Note that we allow negative values of µ e,µ in order to take into account the contributions of e + and µ + .
C. Equilibrium conditions
As mentioned earlier, ten parameters in the nucleon Hamiltonian Eq. (3) are determined by fitting to the properties of finite nuclei for a given density ρ. After determining the ten parameters, we have only one independent variable ρ p with the constraint ρ = ρ n + ρ p . In the following, we use x ≡ ρ p /ρ for the simplicity. In this work, we assume that only proton and neutron contribute to the baryon density even at the high-density core of neutron star.
In the Hamiltonians for kaons and leptons, Eqs. (21) to (23) , there are four independent variables µ K , v K (or θ), µ e , and µ µ . By neglecting contributions from (anti)neutrinos which leave the system, we can set µ K = µ µ = µ e . As a result, we have only three independent variables x, µ e , and θ which are determined by minimizing the total energy density given as
Three coupled equations are solved for x, µ e , and θ,
where µ where θ = 0. Once these equations are solved, we can calculate the pressure from the thermodynamic relation
and determine the EoS as a function of density ρ. 
III. NEUTRON STARS WITH KAON CONDENSATION A. Equation of state and critical densities
Equation of state of nuclear matter, which in general is the relation between pressure and energy density, can be calculated from Eqs. (24) and (28). We employ four Skyrme force models (SLy4, SkI4, SGI, and SV) to calculate the uniform nuclear matter EoS (ρ > 0.08 fm −3 ). In the regime where the density is smaller than the density of uniform nuclear matter (ρ < 0.08 fm −3 ), we use liquid droplet model to treat heavy nuclei and free gas of neutrons and electrons (see Appendix). Once we choose one specific SHF model for the EoS calculation of the entire neutron star, we apply the same model to both the uniform nuclear matter (high density regime) and the non-uniform lattice nuclear matter (low density regime). Note that the local charge neutrality is assumed for both cases with and without kaon condensation. The results obtained without kaon condensation (black thick solid line in each panel) show that SLy4 is the softest while SV is the stiffest EoS, which can be expected from the values of L and K in Table I . As the energy density increases from 0, kaon starts to condense at the density where the curves with kaon deviate from those without kaon. Table II summarizes the numerical results for the critical densities at which the kaon condensation appears. Numbers in the parentheses denote the critical densities in unit of ρ 0 for each model. As indicated in the Fig. 1 and Table II , kaons condense earlier with smaller a 3 m s values (i.e., larger strangeness content) for all models. Table II shows that the change of the critical densities resulting from change of a 3 m s is the largest for SLy4 which has the softest EoS among the four models. This implies that the softer nuclear models are more sensitive to the existence of kaons. This sensitivity can also be deduced from the EoS in Fig. 1 by noting that the width of band between the curves for a 3 m s = −134 MeV and −222 MeV becomes narrower with a stiffer nuclear EoS. In Fig. 1, with a 3 [6, 7] . Therefore, we do not include the results with a 3 m s = −310 MeV in the later discussion.
B. Particle fractions
In Fig. 2 , we show the particle fractions defined as the densities of each particle divided by the baryon density, for the SkI4 model. Both kaon and proton densities increase very rapidly right after the critical densities due to the local charge neutrality. Note that the local charge neutrality is implied in this figure and, even though we plot particle fractions for all densities, there exist density gaps in the interior of neutron stars due to the Maxwell construction. In this figure, as a 3 m s decreases, both proton and kaon fractions increase beyond neutron fraction, which enhances the contribution of the symmetry energy to the EoS. Unlike leptons, kaon is not constrained by the Pauli blocking, and most of the leptons are suppressed by kaons at high densities making the fraction of kaons almost equal to that of protons.
C. Mass and radius of neutron star
The relation between mass and radius of cold neutron star can be obtained by solving the Tolman-Oppenheimer-Volkoff (TOV) equations numerically, dp dR
where ǫ and p denote the energy density and pressure, respectively.
In Fig. 3 we show the mass of neutron stars as a function of radius for four SHF models.
Thick blue and thick orange solid straight lines indicate the mass range of PSR J1614−2230 and J0348+0432, respectively [6, 7] and filled circles with error bars denote the allowed mass and radius ranges obtained from the analysis by Steiner et al. [16] . Again, Fig. 3 confirms that the maximum mass increases as the stiffness of EoS increases. Table III summarizes the maximum mass of neutron stars predicted from four SHF models with kaon condensation included. For the comparison, the maximum mass obtained from the same models without kaon condensation (from Tab. I) is also shown in the last column of Tab. III. For a 3 m s = −134 MeV, the effect of kaon condensation on the maximum mass of neutron stars is rather weak, reducing the maximum mass by less than 4 %. With smaller a 3 m s values, the curves deviate more dramatically from those without kaons. Note that in all models except SV, the existence of the unstable part with a 3 m s = −222 MeV, which is near the kink at R = 11 − 12 km having a positive slope in the mass-radius curve (Fig. 3) , is an artifact of the Maxwell construction. With the Gibbs condition, the kink generally disappears and the curve becomes smooth (see e.g. [17] ). Since the Gibbs condition only affects the unstable region, our conclusion in this work remains unchanged.
In Fig. 3 , the results with a 3 m s = −222 MeV are not consistent with either of the observed neutron star masses or the mass-radius ranges obtained by Steiner et al. [16] , regardless of any choice of the SHF models. In contrast, with a 3 m s = −134 MeV, both SLy4 and SkI4 are consistent with observations.
Recenlty, Guillot et al. [18] have measured small radii of neutron stars (R ∞ = 9.1 +1.3 −1.5 km with the 90% confidence level: see Ref. [19] , however, for an alternative interpretation of this data) using the thermal spectra from quiescent low-mass X-ray binaries inside five globular clusters. The smaller radii of neutron stars that they measured prefer the softer EoS such as Wiringa et al.'s [19] and rule out most of the presently popular EoS. It is interesting that our results with kaon condensation could explain the existence of such a neutron star that has a radius of ∼ 9 km and a mass of ∼ 2.0 M ⊙ (e.g., see the a 3 m s = −222 MeV case of SGI in the panel (c) of Fig. 3 ).
IV. CONCLUSION
This work is motivated by the fact that many SHF models, which are excellent in reproducing the properties of known nuclei, are inconsistent in predicting nuclear matter properties at supra-nuclear densities. We select four SHF models that are consistent with recent observations of neutron star masses [6, 7] in order to investigate and understand the effect of kaon condensation. Since the interactions of kaon in nuclear medium are quite uncertain, we employ four different parameter sets to cover a wide range of kaon interactions.
As one can see in Fig. 3 , SLy4 and SkI4 are consistent with the recent constraints [6, 7, 16] even without kaon condensation. Adding kaons to these models, the mass-radius relation with kaon deviates from the those without kaons more drastically for smaller a 3 m s values. As a result, the behavior with a 3 m s = −222 MeV satisfies the mass-radius relation constraints in a limited manner. This result shows that the observation of the neutron star can provide constraints on the strangeness content of the proton, and our result implies that kaon condensation, if it occurs, should occur only for heavy neutron stars (> 1.9M ⊙ ), with a 3 m s being greater than −178 MeV (or the strangeness content being smaller than 0.05). This small allowed value of strangeness content of the proton is in accordance with experiments [20] , lattice calculation [21] , and a recent updated calculation with a chiral effective theory [22] . This would be also consistent with the recent observation of Cas A and its cooling simulation [23] because kaon condensation does not affect thermal evolution of neutron stars with smaller mass (M < 1.9M ⊙ ).
We have discussed the contribution of strangeness by focusing only on the kaon in this work, but we have to consider hyperons as well for the consistency. In the current SHF approach, to our knowledge, there are more than 10 models for hyperon-nucleon interactions and 3 models for the hyperon-hyperon interactions in nuclear matter. Our recent analysis shows that the EoS at high densities and the resulting mass and radius of neutron star are also highly sensitive to the hyperon-nucleon and hyperon-hyperon interactions in nuclear medium. We will present the work with hyperons in the future.
We follow the discussion of Lattimer & Swesty [24] . The total energy density (without electron contribution) is given by
where u is a volume fraction of heavy nuclei to Wigner-Seitz cell, n i is the density of heavy nuclei inside, f i is the energy per baryon of the heavy nuclei, s(u) is surface shape factor, r N is the radius of heavy nuclei, σ(x) is a surface tension as a function of proton fraction x, µ s is the neutron chemical potential on the surface, ν n is the areal neutron density on the surface, x i is the proton fraction of heavy nuclei, c(u) is the Coulomb shape function, n no is the neutron density outside of heavy nuclei, and f o is the energy per baryon outside of the heavy nuclei.
We employ Lagrange-Multiplier method with constraints (baryon number density and charge neutrality), thus for given baryon number density (n) and proton fraction (Y p ), we
In the above equations, unknowns are n i , x i , r N , x, νn r N , u, and n no . 
Similarly we have λ 2 from Eq. (A4),
where β = 9(
1/3 is a geometric shape function which corresponds to nuclear pasta phase in liquid droplet model [24] .
Finally, if we plug Eq. (A12) into Eq. (A8) then we get, n i f i + βD ′ − µ ni n i + n i x iμi − 2 3u βD + µ no n no − n no f o = 0
where P i (P o ) is pressure inside (outside) of the heavy nuclei. Thus, we have four equations to solve
un i x i − nY p = 0, un i + 2β 3σ Dν n + (1 − u)n no − n = 0,
with four unknowns, u ( or ln u ), n i , n no ( or ln n no ), and x i .
Thermodynamic quantities for this case is given by the same formalism with hot dense matter but without alpha particle and translational term, sô
βD, µ n = µ no ,
In case of neutron star outer crust, we can construct eq. (A1) without n no and follow the Thick blue and thick orange solid straight lines are recent observations [6, 7] . Filled circles with error bars denote the allowed mass and radius ranges obtained from the analysis by Steiner et al. [16] .
